Abstract. We generalise the Kreck-Stolz invariants s 2 and s 3 by defining a new invariant, the t-invariant, for quaternionic line bundles E over closed spinmanifolds M of dimension 4k−1 with H 3 (M ; Q) = 0 such that c 2 (E) ∈ H 4 (M ) is torsion. The t-invariant classifies closed smooth oriented 2-connected rational homology 7-spheres up to almost-diffeomorphism, that is, diffeomorphism up to a connected sum with an exotic sphere. It also detects exotic homeomorphisms between such manifolds.
Introduction
In [25] , Kreck and Stolz introduced invariants s 1 , s 2 , s 3 ∈ Q/Z of certain closed smooth oriented simply connected 7-manifolds M that completely characterise M up to diffeomorphism. The s-invariants are defect invariants based on index theorems for Dirac operators on 8-manifolds: the invariant s 1 , which equals the EellsKuiper invariant μ of [17] if M is spin, is the defect of the untwisted Dirac operator, whereas s 2 and s 3 are the defects of the Dirac operator twisted by certain complex line bundles.
In this paper we define a defect invariant, the t-invariant, based on index theorems for Dirac operators twisted by quaternionic line bundles. Let Bun(M ) denote the set of isomorphism classes of quaternionic line bundles over M . The second Chern class defines a function A key feature of quaternionic bundles is that both the quaternions H and their group of units S 3 ⊂ H are non-abelian. As a result the classifying space BS 3 = HP ∞ is not an H-space, and for a general space X, Bun(X) ≡ [X, BS 3 ] does not have a naturally defined group structure. This leads to the fact that it is often a difficult problem to determine the image of c 2 . For the case X = HP k and the map The rest of the paper is organised as follows: in Section 1 we define the t-invariant from both the intrinsic analytic point of view and the extrinsic topological point of view. This section also introduces the basic concepts and tools required for our analysis of quaternionic line bundles. In Section 2 we consider the t-invariant for 7-manifolds. We update the classification results of [12] in Theorem 2.4, and we show that the t-invariant detects exotic homeomorphisms in Theorem 2.9. In Section 2.c we show how the t-invariant on simply connected 7-manifolds relates to the s-invariants and their generalisations by Hepworth in [23] . Section 3 gives our proof of the Feder-Gitler criteria as well as several explicit computations of the t-invariant for certain bundles over S 7 , S 11 and S 15 .
Secondary invariants
In this section we define the t-invariant which is an invariant of pairs (M, E), where M is a closed spin (4k − 1)-manifold and E is a quaternionic line bundle over M . We will give both an extrinsic and an intrinsic definition of the t-invariant. Whereas the extrinsic definition using zero bordisms is easier to handle in many cases, the intrinsic definition using η-invariants is finer for manifolds that are only 3196 DIARMUID CROWLEY AND SEBASTIAN GOETTE rationally zero bordant and may sometimes be computed when 0-bordisms cannot be found. We will state and prove properties of the t-invariant in both settings when we are able to because the extrinsic proofs are easier in most cases.
The section is organised as follows. Section 1.a briefly reviews quaternionic line bundles. Section 1.b defines the t-invariant and identifies some of its basic properties. Section 1.c introduces the notion of a quaternionic divisor used in the proof of Theorem 1.12, which occupies most of Section 1.d.
1.a. Quaternionic line bundles. Let H, H
× and S 3 denote respectively the quaternions, the non-zero quaternions and the unit quaternions. A quaternionic line bundle, E → X or simply E, over a space X is a complex rank 2 vector bundle V → X together with a reduction of its structure group to H
× . An isomorphism of quaternionic line bundles is a vector bundle isomorphism respecting the quaternionic structures. As an example, consider the tautological bundle
Since the structure group H × of a quaternionic line bundle can always be reduced to S 3 , and this reduction is unique up to a contractible choice, quaternionic line bundles are classified by the homotopy classes of maps to BS 3 . So
describes the set of isomorphism classes of quaternionic line bundles over a space X. By abuse of notation, we will sometimes write E ∈ Bun(X) to say that E is a quaternionic line bundle over X. The integral cohomology of BS 3 is generated by the universal second Chern class c 2 (H) ∈ H 4 (HP ∞ ). So to each bundle E → X with classifying map f : X → BS 3 we may associate the characteristic class c 2 (E) := f * c 2 (H) ∈ H 4 (X) .
In this way we obtain a map c 2 : Bun(X) −→ H 4 (X) , E −→ c 2 (E) .
We will also consider the subset Bun 0 (X) of quaternionic line bundles E where c 2 (E) is a torsion, that is, with c 2 (E) = 0 ∈ H 4 (X; Q). Note that the theory of quaternionic bundles is not quite as straightforward as in the complex case. First, the tensor product of two quaternionic line bundles is merely a spin four-dimensional real vector bundle. In fact, every four-dimensional spin vector bundle arises this way. In particular, there is no canonical group structure on quaternionic line bundles.
Next, quaternionic line bundles are not classified by their second Chern class. The reason is that BS 3 is not an Eilenberg-MacLane space. For example, the quaternionic line bundles on S 7 are classified by 
where A(T X) and ch(E) ∈ H * (X) denote respectively the A-genus of T X and the Chern character of E and [X] ∈ H 4k (X) is the fundamental class of X.
Assume that (M, E) as above bounds a spin manifold and complex vector bundle (W, E) and that the characteristic class A(T W ) ch(E) has a natural interpretation in H 4k (W, M ; Q). Then evaluation on the relative fundamental cycle [W, M ] gives a rational number which, by Theorem 1.1, is an invariant of (M, E) mod Z. The Atiyah-Patodi-Singer index theorem 1.2 below can also be used to identify this invariant as an intrinsic invariant of (M, E). In the remainder of this section, we carry out this program for quaternionic line bundles.
Recall that a real structure s on a complex vector bundle E → X is an antilinear automorphism with s 2 = 1. Similarly, a quaternionic structure j on E is an anti-linear automorphism with j 2 = −1. A quaternionic vector bundle E → X can be regarded as a complex vector bundle with complex structure i and quaternionic structure j. We can always choose a quaternionic-Hermitian metric on E and a connection such that the quaternionic structure is parallel.
If X 4k is a spin manifold and k is even, then the complex spinor bundle ΣX of X carries a real structure s that is parallel with respect to the Levi-Civita connection. Then s ⊗ j is a quaternionic structure on ΣX ⊗ C E that commutes with the Dirac operator. This implies that H acts on all eigenspaces of
Because c 2 generates the ring of characteristic classes of quaternionic line bundles, there exists a unique universal characteristic class ch of quaternionic line bundles such that
In fact, one computes that
Now suppose that M bounds a compact spin manifold W such that E is the restriction of a quaternionic line bundle E → W . In other words,
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As a preliminary definition of the t-invariant, let us consider the quantity
where a j is 1 if j is even and 2 if j is odd. Given another compact spin manifold W with ∂W = M and a quaternionic line bundle E → W extending W , we may consider
where −W carries the reversed orientation. Theorem 1.1 and property (1.2) above imply that the two right-hand sides of (1.6) differ by
For (2), we use that the Spin bordism group Ω Spin 4j−1 is a finite Z/2-vector space for j > 0 by [2] . Since H * (BS
, where c 2 has degree 4, we see that the (4k − 1)-line of the E 2 -page of the the Atiyah-Hirzebruch spectral sequence computing Ω 
The argument above also shows that, in general, the extrinsic definition (1.6) gives the value of t M (E) only up to multiples of
A similar argument as above shows that t M (E) depends neither on the choice of the metric g on M nor on the connection ∇ E with the parallel metric h E on E. To see this, regard two sets of these geometric data on M and E.
We finally give the definition of the t-invariant. 
We shall say that M and N have isomorphic t-invariants if there is a group isomorphism A :
and a set bijection B : Bun 0 (M ) → Bun 0 (N ) which are compatible with the second Chern class and the t-invariant; i.e.,
We conclude this subsection by recording some basic facts about the t-invariant. 
where we identify N and N Σ as spaces so that Bun 0 (N Σ) = Bun 0 (N ).
1.6. Remark.
(1) Properties (1)- (3) hold for any generalised Kreck-Stolz invariants as we now explain. Let M be a closed odd-dimensional manifold, equipped with a geometric Dirac operator D, and let P denote the corresponding local index class. For the t-invariant, we take the spin Dirac operator and the A-class, but one could also consider the signature operator and the L-class or something similar. Then let E → M be a vector bundle of a specific type, and let D E denote the operator D twisted by E. If there exists a natural class α ∈ Ω
where a ∈ Z depends on the index problem. Note that the Atiyah-PatodiSinger ρ-and ξ-invariants [5, II] are special cases, where (E, ∇ E ) is flat, so one can take α = 0. The proof below will work equally well for all invariants of this type. (2) We shall see later in Theorem 2.9 that the t-invariant is not in general preserved by homeomorphisms.
Proof of Proposition 1.5. For the trivial bundle ε, one can chooseĉ 2 = 0, so (1.9) gives t M (ε) = 0, and (1) follows. For (2), we choose points p i ∈ M i and assume that (
denote the boundary connected sum taken at the points (p 0 , 1) and (p 1 , 1). Put
The boundary connected sum of the pullbacks of E i with respect to the given trivialisations gives a bundle E → W . The pullback connections are trivial on U i × [0, 1], so we get a connection ∇ E by gluing. We note that dĉ
and U 1 as well. By pullback and gluing, we obtain a global formĉ 2 E, ∇ E ∈ Ω 3 (W ) with
In particular, the liftc 2 (E, ∇ E ) is exact in the mapping cone of the pullback ho-
. From the extrinsic description (1.6) and Stokes' theorem, we obtain
Naturality in (3) is clear for spin diffeomorphisms and follows from additivity for almost-diffeomorphisms: add the trivial bundle (Σ, ε) to (M, E). Then ν inherits a complex structure, which is equivalent to the choice of an orientation. Thus a divisor for a complex line bundle is a closed smooth submanifold of codimension 2 with a normal orientation. Two divisors give isomorphic smooth complex line bundles if and only if they represent the same class in H 2 (M ). If E → M is a quaternionic line bundle, we choose a transversal section s ∈ Γ(E) as above and put Y = s −1 (0). Then ds| Y : ν → E| Y is an isomorphism of real vector bundles, so ν inherits a quaternionic structure. In particular, the normal bundle is oriented, and hence defines a class c 2 (E) ∈ H 4 (M ).
1.8. Definition. Let M be a compact smooth manifold. A quaternionic divisor in M is a compact codimension-4 submanifold Y ⊂ M together with a quaternionic structure on its normal bundle. We assume that Y meets ∂M transversally in ∂Y .
For the equivalence of quaternionic divisors on a compact manifold with boundary, we regard M × [0, 1] as a manifold with boundary
after rounding off the corners.
For example, HP k ⊂ HP k+1 with the obvious quaternionic structure on its normal bundle is a quaternionic divisor for the tautological bundle
The Thom space of the tautological bundle over HP k can be identified with HP k+1 . Hence, the Pontryagin-Thom construction gives a classifying map for E as in the following diagram:
The vertical arrow on the right is given by inserting 0 as the first coordinate and shifting all other coordinates one place to the right. One similarly checks that two quaternionic divisors in M give rise to isomorphic quaternionic line bundles if and only if they are equivalent. Representing a quaternionic line bundle E → M by a quaternionic divisor (Y, ν) in M allows us to replace the η-invariants in (1.9) by the η-invariant of an untwisted Dirac operator on Y . However, we will see in Remark 1.15 below that it is not possible to express t M (E) solely in terms of (Y, ν) without referring to the ambient manifold M .
For motivation of Proposition 1.10, we assume first that (M, E) bounds. Hence let E → W be an extension of E → M , and let s ∈ Γ(E) be a transversal section of E such that s| M ∈ Γ(E) is transversal as well. Then we obtain a divisor
1.9. Remark. Let ε → W again denote the trivial quaternionic line bundle. Multiplying the section s with scalars from ε, we obtain a bundle morphism s : ε → E that is invertible outside X. Hence ε − E represents a class in the relative K-
Let s * denote the adjoint of s. Along X, we still consider the isomorphism ds : ν → E R | X and assume that it is an isometry. Multiplication with scalars again gives maps ds : ν ⊗ ε| X → E| X and ds 
The bundles π : E → M and ν → X are naturally oriented as real vector bundles by their quaternionic structures. Let Ω • with compact support, we will regard elements of Ω
where δ 0 denotes the distribution of integration over the zero section and the exterior differential d is understood in the weak sense. Because s is a transversal section, the pullback current s
(1) (W ) exists and satisfies
by [7, (3.37) ], where δ X now denotes the current of integration over X. Analogous statements hold for the restriction to M = ∂W . We assume again that
is well-defined, and conclude that
This property determines (ĉ 2 − s * ψ)(E, ∇ E ) up to exact currents.
The connections ∇ T M and ∇ E and the metrics g and h E induce natural Riemannian metrics on the total spaces of ν → X and E| X → X. We may assume that ds : ν → E and the normal exponential map exp X : ν → W induce isometries between a neighbourhood of the zero sections in ν and in E| X and a neighbourhood of X.
become isomorphic and the splitting T W | X = T X ⊕ ν becomes parallel. By (1.6), (1.12), (1.13), and the multiplicativity of theÂ-form,
( 
Proposition. Let (Y, ν) be a divisor of a quaternionic line bundle E → M and assume that a neighbourhood of Y in M is isometric to a neighbourhood of the zero section of ν, where the metric on the total space of ν is induced by a quaternionic metric and a compatible connection. Let
If (M, E) bounds, this equation follows from (1.14), (1.15) above and the AtiyahPatodi-Singer index theorem 1.2 applied to the untwisted Dirac operator D X on X.
Proof. We use Bismut-Zhang's formula for the η-invariant of direct images in [8] to derive the result directly from (1.9).
Bismut and Zhang construct a current γ ∈ Ω
By (1.3), (1.12) and (1.13), the current (s * ψ ch )(E, ∇ E ) − γ is closed. Because in our special situation the current γ is constructed directly in terms of s, there exists a natural current on E whose pullback by s becomes γ. In particular, we can work with universal currents on HP N for N sufficiently large. As HP N has no cohomology in degrees 4k − 1, we conclude that (s * ψ ch )(E, ∇ E ) − γ is exact, so that we replace γ by (s * ψ ch )(E, ∇ E ). We still assume that ds| ν and the normal exponential map exp ν are isometries near the zero section of ν → Y . With these assumptions and because ε − E is a direct image of the trivial complex line bundle on Y as in Remark 1.15, Theorem 2.2 in [8] implies that
differ by an exact current by (1.14). Together with (1.9), this proves the proposition. 
Proof. By assumption, the manifold M is framed. The framing in particular selects a Chern-Simons type form
We may assume that Y is totally geodesic in M . Because the normal bundle to Y is trivialised by dξ, we also have
Following [5, II, Theorem 4.14], we write the e-invariant of Y with the induced framing as
Consider the tautological bundle τ → HP 1 and assume that s 0 is a transversal section with s
The t-invariant is clearly unstable from the point of view of K-theory, because any invariant that is stable under addition of trivial vector bundles is generated by characteristic classes. On the other hand, the following result shows that the t-invariant on S 4k−1 is stable in the sense of stable homotopy theory.
1.12. Theorem. Assume that k ≥ 3. For any homotopy sphere
may be identified with the composition Proof of Theorem 1.12. Recall that the boundary map associated to the Hopf fibration is a homomorphism ∂ :
. Because the fibre S 3 is contractible in the total space S 7 , the long exact homotopy sequence implies that ∂ is surjective. The Hopf fibration extends to HP k for all k. From the diagram
it follows that the homomorphism induced by the standard inclusion
is onto. So without loss of generality, the quaternionic line bundle E → S 4k−1 is classified by a map ξ :
where H is the tautological bundle over S 4 . We give S 4k−1 the standard stable framing and consider the class
where Ω fr * denotes the framed bordism and we have applied the Pontryagin-Thom isomorphism. By the Pontryagin-Thom construction, this class [ξ] is represented by the quaternionic divisor Y = ξ −1 (x 0 ) for some regular value x 0 ∈ S 4 of ξ. In particular, the manifold Y inherits a framing from ξ. Then by Proposition 1.11, we have
1.14. Remark. Theorem 1.12 is void for k = 1 and it does not hold for k = 2.
To consider the case k = 2 we first record some well-known facts about the Hopf fibration:
Here (x, y) ∈ S 7 ⊂ R 4 × R 4 , and [x, y] describes a point in HP 1 = S 4 using homogeneous coordinates. From this description it is a simple matter to verify that p 2 is the quotient map of a principal S 3 -bundle with characteristic map
where v ∈ H and x · v denotes quaternionic multiplication. In the notation of [30, 22.6 & 22.7] , σ defines the homotopy class β 3 ∈ π 3 (SO(4)) and by [30, 23.7 
where F c is a self-map of degree c ∈ Z. Let E c → S 7 be the pullback of the tautological bundle H → HP 1 along F c • p 2 . By Example 3.5,
On the other hand, let x 0 ∈ S 4 be a regular value of F c and let Y c ⊂ S 7 be its preimage: Y c is a framed 3-manifold which is a disjoint union of c copies (S 3 , π H ), the framed fibre of the Hopf fibration. Now by Proposition 1.11, the proof of Theorem 1.12 and (1.17) we have
where (1) (M ). The latter are natural in E and s as we have seen in the proof above. In particular, we can choose s in such a way that s = 1 outside a small neighbourhood U of Y . This allows us to choose ∇ E in such a way that ∇ E s = 0 outside U . In other words, contributions coming from s * ψ or γ localise near Y and do not involve any other topological information about M .
On the other hand, the classĉ 2 is constructed using the assumption that c 2 (E) is torsion and that H 3 (M ; Q) = 0. In particular, the classĉ 2 is not natural in E, but depends on the topology of M .
The t-invariant of 7-manifolds
In this section we investigate the t-invariant in dimension 7: in Section 2.a we show that the t-invariant classifies closed smooth 2-connected rational homology 7-spheres up to connected sum with homotopy spheres. In Section 2.b we show that the t-invariant detects homeomorphisms which are not homotopic to PL homeomorphisms on 2-connected rational homology 7-spheres. In Section 2.c we relate the t-invariant to the s-invariants of Kreck and Stolz [25] and their generalisations in Hepworth [23] .
2.a. Classification results for 2-connected 7-manifolds. Throughout this subsection M shall be a closed smooth oriented 2-connected 7-manifold. In addition we assume that M is a rational homology sphere which is equivalent to assuming that π 3 
are finite groups. We first recall the classification of such 2-connected rational homology spheres started in [36] and completed in [12] . We then relate the t-invariant from Section 1 to this classification to obtain a classification theorem for such manifolds M using t M and μ(M ), the Eells-Kuiper invariant of M , which we recall below.
Recall that Θ 7 denotes the group of diffeomorphism classes of oriented homotopy 7-spheres and that Θ 7 ∼ = Z/28. The homotopy 7-spheres can be detected by the Eells-Kuiper invariant μ(Σ) ∈ Q/Z which by [17, §6] defines an injective homomorphism μ : Θ 7 −→ Q/Z . Moreover the definition of μ can be extended to any 2-connected rational homology 7-sphere M to give μ(M ) ∈ Q/Z with
The definition of μ(M ) in this case is by now routine: from the analytic point of view it can be found in [16, 25] ; using coboundaries, the details are in We turn to consider almost diffeomorphism invariants of M . Since M is 2-connected it possesses a unique equivalence class of spin structures. An important invariant is the first characteristic class of spin manifolds which generates the group H 4 (BSpin) ∼ = Z. We choose the generator p ∈ H 4 (BSpin) so that 2p = p 1 , where p 1 is the first Pontryagin class. The class p is often called "half the first Pontryagin class" and is sometimes denoted p 1 2 . For any spin manifold X, we have p X = p(T X) ∈ H 4 (X). An important fact about closed smooth 2-connected 7-manifolds proven in [36, Theorem 4] is that every one is the boundary of a handlebody W : i.e. W is a 3-connected 8-manifold obtained from D 8 by attaching 4-handles, and the boundary of W is identified with M . We consider the exact sequence
which allows one to define the following quadratic linking function
Lemma (cf. [12, Lemma 2.51]). The function q M is a well-defined almost diffeomorphism invariant of M .
We say that q M and q N are isomorphic if there is an isomorphism A :
The following is also proven in [12] .
Theorem (cf. [12, Theorem A]).
Let N and M be 2-connected rational homology 7-spheres.
(1) There is an almost diffeomorphism f :
is a non-singular symmetric pairing (see [32, §12A] for a definition). In the notation of (2.3), we have
From (2.3) we see that q M refines b M in the following sense:
We also see that q M need not be homogeneous; i.e. q M (x) = q M (−x) in general. However, the homogeneity defect of q is determined by p M :
Now recall that Bun(M ) denotes the set of isomorphism classes of principal S
3 -bundles over M . We have an action of Bun(
which is defined by cutting and regluing a given principal S 3 -bundle E over M along S 6 = ∂D 7 ⊂ M using the clutching function of F . Next we relate q M to the t-invariant t M of Definition 1.4.
2.4.
Theorem. Let M be a 2-connected rational homology 7-sphere.
(1) For M = S 7 , the t-invariant defines an injective homomorphism
(2) The group Bun(S 7 ) acts freely on Bun(M ) with
and for all (E, F ) ∈ Bun(M ) × Bun(S 7 ) we have
using (2) , it follows that the t-invariant determines q M .
As an immediate consequence of Theorem 2.2 (2) and Theorem 2.4 (3) we have 
Corollary. Let N and M be 2-connected rational homology 7-spheres. Then N is diffeomorphic to M if and only if t N is isomorphic to t M and μ(N ) = μ(M ).
• | ∂D 7 is trivial and Bun(S 7 ) acts transitively on the set of possible extensions. The formula for t M given in (2) is a special case of the additivity formula of Proposition 1.5 (2). Together with (1), it proves that the action of Bun(S 7 ) on Bun(M ) is free.
For part (3), let E → W be a quaternionic line bundle with c 2 (E) =x ∈ H 4 (W ). 
Comparing (2.5) with (2.3) we see that q M (c 2 (E)) = 12t M (E).
We finish this subsection by recording calculations of t M in some examples. Let n and p be integers with n = 0 and let π : W n,p → S 4 be the disc bundle of a vector bundle over the 4-sphere with Euler class e(π) = nx and with p W = px: here we fix a generatorx of H 4 (S 4 ) and identify H 4 (S 4 ) = H 4 (W n,p ). Also let i : M n,p → W n,p be the inclusion of the boundary so that M n,p is the total space of a 3-sphere bundle over S 4 . We remark that these total spaces were classified up to diffeomorphism, homeomorphism and homotopy equivalence in [13] .
Proposition. With
as above and k any integer, let E n,p,k → W n,p be the quaternionic line bundle with c 2 (E) = kx and let
Proof. The intersection form (H 4 (W n,p ), λ) is isomorphic to (Z, n); see [13, §3, p. 368] , noting that M n,p above is diffeomorphic to the total space M m,n of [13] , where p = n + 2m. We now simply apply the expression for t M in (2.5). [25] ; see also Remark 2.18 below. By [22] , the manifolds P n = M (1,1),(2n−1,2n+1) are the only members of the M -family that can carry metrics of positive sectional curvature. Note that P 1 = S 7 , and that P 2 is homeomorphic to the unit tangent bundle of S 4 , which is diffeomorphic to the principal bundle M 2,2 of Proposition 2.6. It was then proved independently by Dearricott [14] and Grove, Verdiani and Ziller [21] that P 2 carries a metric of positive sectional curvature. In [19] , the second author computed the t-invariants of sufficiently many quaternionic line bundles over M (p − ,q − ),(p + ,q + ) to determine its almost-diffeomorphism type using Corollary 2.5 above.
2.8. Example. For each space P n , there exists a family of quaternionic line bun-
by [19, section 3 .e]. Hence, we have q
2n . By Theorems 2.2 and 2.4 and Proposition 2.6 above, the spaces P n are almost diffeomorphic to the manifolds M n,n of Proposition 2.6, in other words, to the total spaces of the principal S 3 -bundles over S 4 with Euler class given by n. The classification is then completed by computing the Eells-Kuiper invariant μ(P n ). Let Σ be a generator of Θ 7 with μ(Σ) = As we explain below (see (2.6), Lemma 2.10 and Definition 2.13), the following is a consequence of the theory of topological surgery: For any homeomorphism h :
which depends only on the homotopy class of h, such that h is exotic if and only if κ(h) = 0.
Theorem. A homeomorphism h : N → M is exotic if and only if
More precisely, for all E ∈ Bun(M ),
We begin by showing that t M is invariant under PL-homeomorphisms. 
Proof. It follows from smoothing theory, see [12, §6, Theorem 6.1] , that there is a homotopy 7-sphere Σ such that h is homotopic to a diffeomorphism g : N Σ → M . The lemma now follows by Proposition 1.5 (3).
2.11.
Remark. Note that [12, Theorem 6.1] also proves that N is homeomorphic to M if and only if N is P L-homeomorphic to M . Hence the function t M is a topological invariant in the weak sense that if h : N → M is a homeomorphism, then there is a homeomorphism, indeed a P L-homeomorphism, g :
Proof of Theorem 2.9. We will not explicitly construct exotic homeomorphisms but rather we use surgery theory to show that they exist. Hence we begin by briefly recalling some essential notions from surgery. Let Cat = Top or P L denote respectively the topological and piecewise linear categories of manifolds. Recall the Cat-structure set of M , S Cat (M ), which consists of equivalence classes of structures which are homotopy equivalences g : N → M : 
Here L 7 (e) = 0 and L 8 (e) ∼ = Z are the simply connected surgery obstruction groups, G = lim n Map ±1 (S n , S n ) is the monoid of stable self-equivalences of the n-sphere, Top and P L are the groups of stable homeomorphisms, respectively PLhomeomorphisms, of Euclidean space and η Cat denotes the Cat-normal invariant map. It is well known that the map L 8 (e) → S Cat (M ) vanishes in both the topological or piecewise linear categories; see [9, II.4.10 & II. 4 .11] for the PL case, which implies the topological case. So from the Cat-surgery exact sequences we obtain the following commuting square:
Here each η
Cat is a bijection, F is the forgetful map and the canonical map G/P L → G/Top induces F * .
2.12. Lemma. Let M be a 2-connected rational homology 7-sphere. Then there are bijections
such that the forgetful map F corresponds to the map ×2 in the cohomology Bockstein sequence for the coefficient sequence 0 → Z → Z → Z/2 → 0. In particular, there is a short exact sequence of abelian groups where
, φ is the attaching map for the top cell of M , and M
• is homotopy equivalent to the Moore space M (H, 3) , where
as a sum of cyclic groups and so we have a homotopy equivalence
where k(i) denotes a map S 
and that the induced homomorphism F * :
is an isomorphism in all dimensions except for i = 4 when it is isomorphic to the homomorphism ×2: Z → Z. Since M
• has cells only in dimensions 0, 3 and 4, a simple application of obstruction theory shows that the homomorphism
be the map collapsing the 3-skeleton and observe that the homomorphism
is onto because π 3 (G/Cat) = 0. It follows that the induced homomorphism
vanishes since the composite C •φ : S 6 → ∨S 4 must be a wedge of trivial maps or the essential map η 2 : S 6 → S 4 and the induced homomorphism (η 2 )
Observing that a homeomorphism h :
Top (M ) we make the following 2.13. Definition. Let h : N → M be a homeomorphism. Define
where we use Lemma 2.12 and the bijections η Cat of (2.6) to identify 
Before proving Lemma 2.14 let us complete the proof of Theorem 2.9. Let h : N M be a homeomorphism. If h is not exotic, then t M = t N • h * by Lemma 2.10. Conversely, suppose that h is exotic: the P L normal invariant of h is a non-zero element x ∈ H 3 (M ; Z/2). By Lemma 2.14 (1), we have
Here we used Lemma 2.10 for the second equality and Lemma 2.14 (2) for the third equality. Finally, note that p(x) has a trivial topological normal invariant and so is homotopic to an exotic self-homeomorphism h : M ∼ = M . This completes the proof of Theorem 2.9.
Proof of Lemma 2.14. We begin with the definition of p(x) and the proof of part (1) .
and that M • is homotopy equivalent to the Moore space M (H, 3) , where
is a sum of cyclic groups. We assume that k(r) is even if and only if i ∈ {1, . . . , s}.
The self-equivalences p(x) : M → M we construct will be pinch maps. Pinch maps are described in [28, §4] for manifolds with boundary but to begin we shall consider the closed case. Take an element ψ ∈ π 7 (M • ) and define p(ψ) to be the composition 
Let X 4,i generate the homotopy group π 4 (S 
by [31, (5. 3)]. It follows for i ≤ s that the classes X 3,i • Φ and X 4,i • (6Ψ) are in the image of the maps j * and that S(
To see that the homotopy classes ψ i have the stated property, in particular that they are non-zero, we pass to stable homotopy groups: denoted π S * with stabilisation S : π * → π S * . There is a commutative diagram
where we also use C to denote the corresponding map of pairs
and C * the induced map on stable homotopy. By excision j * is an isomorphism and since X 4,i stabilises to generate the group π To complete the proof of part (1) of Lemma 2.14 it remains to show that we have
To do this we shall apply the results of [28] , which are stated in the setting of tangential surgery for manifolds with boundary. We briefly recall the salient features of this setting without giving all the details: for these we refer the reader to [28, §2] .
Recall that the manifold M decomposes as 
By the (π−π)-Theorem [34, Theorem 3.3] , the normal invariant defines a bijec-
and so by (2.6) and the proof of Lemma 2.12 we deduce that there are bijections 
There are forgetful maps from tangential surgery to usual surgery which fit into the following commutative square (see [28, (2.4 
)]):
Here η Cat,t is the normal invariant of tangential surgery and the lower forgetful map induced by the projection G → C/Cat. Now by [11] the natural map O → P L is a 6-equivalence and so the exact sequence (2.9) A further elementary obstruction theory argument shows for Cat = P L that the
is isomorphic to the boundary map
in the cohomology Bockstein sequence defined by (2.10). It is then a simple matter to check that these facts and the following lemma complete the proof of part (1) of Lemma 2.14.
Lemma. The tangential normal invariant of p(ψ
and given by the equation • is a base-point in the boundary of M
• . We write:
Next one applies Spanier-Whitehead duality
• (see the remark at the bottom of [28, p. 469] ). Moreover, the pinch map p(ψ i ) is defined using a suspension (H, 2) ). It follows by [28, Theorem 4.7 and Lemma 4.8] that
where Id and the statement is obvious. Assume then that x = 0 ∈ H 3 (M ; Z/2). By choosing an appropriate set of generators for H 3 (M ) we may assume that x = x 1 in the notation of Definition 2.
where F E ∈ Bun(S 7 ) is classified by the composition
But BS 3 is 3-connected and so f | M • factors through the collapse map C of (2.7):
By definition ψ 1 : S 7 → M • is such that C * (ψ 1 ) = (0, 6) ∈ π 7 (S We can regard H as a complex vector bundle. Note that multiplication with j induces an isomorphism of H andH as complex vector bundles, where i, j, k are the basic imaginaries of H. In particular, c 1 (H) = 0. Writing I for the imaginary of C, we see that there is a natural isomorphism H R ⊗ R C ∼ = H ⊕ H given by q ⊗ 1 + r ⊗ I −→ (q + ri, r − qi) .
Hence, the total Pontryagin class of H R is given by
Turning to End H H, one can conclude from Schur's Lemma and the representation theory of SO (4) We can now compute the characteristic classes of End H H. By the splitting principle [3, Corollary 2.7.11], it suffices to treat the case that H ∼ = L ⊕ L is isomorphic to the sum of two complex line bundles. Because c 1 (H) = 0, we conclude that L ∼ =L, so that
by multiplicativity of the total Chern class. Similarly,
In particular, 
